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1. INTRODUCTION 4-a STATEMENT OF TEE 
Let R be a discrete rank one valuation ring with residue Field f = R/XI? 
and field of fractions K. Let A be an R-order in the separable finite dimen- 
sional K-algebra A; by ,,‘JJI” we denote the category of left n-lattices, and 
indO stands for the isomorphism classes of indecom~o§abi~ objects in 
0 
n -sometimes we shall identify an indecomposable A-lattice with its 
isomorphism class. A is said to be a Biicks~~%~ order provided there exists a 
hereditary R-order F with 
radA =radI’c/a cry 
where rad(-) denotes the Jacobson radical. Examples of 
are blocks of defect one of p-adic integral group rings of 
Here we shah describe the Auslander-Reiten species of a ~~cks~r~rn order 
A. shall a!so interpret our results in terms blocks (1.5, IV). 
e is no loss of generality if we assume ckstriim orders to be basic 
[S, (X2)], and we shall always do so; moreover, we assume n to be indecom- 
PO le as ring. We also assume A #I-. 
shall first state the result without recaliing the notion of Auslan- 
der-Reiten species-this will be done later in the ~~trod~ct~o~-a~d then 
apply it to examples. 
e species of the Bd;ckstriim order A with associated hereditary 
order r is defined as follows [5, Theorem B]: Put 
‘U=:A/radA = 
i=l 
% =: r/rad r = il (fjSn,: 
j-s+1 
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where fi, 1 < i < t, are finite dimensional skewfields over t, and (f), denotes 
the full ring of (n x n)-matrices over f. Let Sj, s + 1 <j < t, be a full set of 
non-isomorphic simple r-modules with End,(Sj) N ij. Since /i is basic, fi, 
1 < i < s, are simple A-modules on the left as well as on the right, and so 
isj =: fi On sj, l<i<s,s+l<j<t, 
are (fi, fj)-bimodules. We now put 
iST = Hom,(Jj, t), l<i<s,sfl<j<t, 
and form the t-species of A: 
s=s(A,r)= fk, l<k<t:fj_isifi, 
i 
provided is? # 0, 1 < i < s, s + 1 <j < t . 
i 
The reader should note the difference from [5] ; here we have chosen the 
“dual” definition in order to let the Auslander-Reiten species appear more 
natural. It should also be noted that in $ oriented paths have maximal length 
one and there is at most one possible path from i to j, 1 < i < s, s + 1 <j < t. 
(1.2) The permutation of a B&kstrGm order A with associated 
hereditary order r is defined as follows: Since rad r= rad A, the hereditary 
R-order r is uniquely determined by A. If Qj, s + 1 <j < t, are the non- 
isomorphic indecomposable projective r-modules, then (rad r) Qj is again an 
indecomposable projective r-module, and so 
where (T is a permutation of {s + l,..., tl. Then o is called the permutation of 
the B&kstrGm order A. 
(1.3) The Auslander-Reiten species of the species S = S(A, r) (1.1) 
twisted by the permutation CT described in (1.2) is defined as follows: Let 
cU,($) be the Auslander-Reiten species of the non-isomorphic indecom- 
posable $-representations with bimodules the irreducible maps ((1.6)-(1.8)). 
Then there is a bijection @ between the simple projective representations Gj 
of $, s + 1 <j < t, and the non-simple indecomposable injective represen- 
tations Gj of $, s + 1 <j< t, @(Gj) = G,, if the $-socle of Gj is $- 
isomorphic to G,, s + 1 <j < t. 
We now use D to construct a new species ‘LI,($), from ‘u,(s) by 
“twisting” with ~7: In a,(s) we omit all points (skewfields) corresponding to 
the simple injective $-representations G,, 1 < i < s, and all arrows to 
End,(GJ, the point corresponding to Gi, 1 < i < s. Then we identify the 
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point End,(Gj) corresponding to the non-simple injective representation Gj, 
with the point End,(Gu,,) corresponding to the simple projective represen- 
tation G,),, where @(Gj) = Gj, s + 1 <j< k”. 
The species obtained this way is denoted by o(S), and is called the 
A~slande~-~eiten species of S twisted by o. 
(1.4) THEOREM. Let A be a BcickstrGm order with species $ = S(A, r) 
as in (3.1) and permutation o as in (1.2). Then the ~us~a~der-~eite~ species 
,JAj of the isomorphism classes of the ~~decomposab~e A-lattices is given as 
where %,(Sj, is the Auslander-Reiten species of5 twisted by o (cf. (1.3)). 
Moreover, this identification preserves Auslander-Reiten sequences except 
those which have Qj, s + 1 <j < t, the indecomposable T-lattices, on the left- 
hand side. These Auslander-Reiten sequences are given as 
O-+Q,S @ Pfji) + Coker a + 0, 
OjlCradA)P, 
where P,, B < k < s, are the non-isomorphic indecomposable projective -4 
modules, X/ Y means that X is a direct summand of %I and c! is induced from 
atural inclusions Qj + (rad A) P, --f P, , . moreover, sjk is the multiplicity 
in (rad A) P,. We shall illustrate the theorem with examples and make 
the following convention: If 2lI, is a species we sizaEl write !!I jfor the 
underlying quiver. 
(1.5) EXAMPLES. 
(I) Let PI = rad R, and let 
A,= 
with the associated hereditary order 
We label the projective indecomposable T,-lattices as follows: 
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Then the species of (A i, r,) is 
f3 f, 
J 
f 
J 
f 
qA,,r,): fl 
\’ f-A 
f, f6 
and the associated permutation is 
o1 = (3 5) (4 6). 
Note that we obtain the same species and the same permutation if we replace 
R by an unramified extension. We put 
then 
r, = 
is the associated hereditary order. 
If we label the projective indecomposable r,-lattices 
then for the species of (AZ, r,) we have 
5442,r*>=s(~,,r,); 
however, the permutation associated to (A *, r,) is o2 = (3 6 5 4). 
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The Ausiander-Reiten quiver of S = $(A 1 ) r,> = S(A,) &) is given by 
where the hatched regions denote extensions (i.e., Aus~~~~er-~e~te~ 
sequences). 
Hence the Auslander-Reiten quiver of A, is given by 
I- identify -I 
The Ausiander-Reiten sequences of A, are given as 
so the Auslander-Reiten quiver is 
identify -I 
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A= 
aRRRRRRRR’ 
na’R RRRRRR 
nn a”n R RR R R 
nnnj3RRRRR 
nn n np’RRR R 
nnxnnyRRR 
nn n axny’RR 
nn n nn nn y”R 
n n n n n n n n y”: 
Then the associated hereditary order is 
r= 
a E a’ s a”(n), 
3 P=P’(n), 
y E y’ = y” E y”‘(n) 
-RRRRRRRR R- 
nRRRRRRR R 
naRRRRRR R 
nnRRRRRR R 
n n nnRRRR R 
n n n n n RRR R 
n n n n n nRR R 
nnnnnnnR R 
-n n n n n n n n R, 
Q, Qs Q, Q, Q, Q, Q, Q,, Q,,. 
Then the species of (A, r) is given by 
s (A, r>: 
where the bimodules are all E. The permutation is given by 
0=(4 11 10 9 8 7 6 5). 
AUSLANDER-REITEN SPECIES 
The Auslander-Reiten quiver of S is given by (cf. (1.9)) 
Hence the Auslander-Reiten quiver of A has the form: 
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R R R R 
A= 3 
n n R R 
n n n R 
where R -R means that the elements at these positions are congruent 
modulo II. For the hereditary order r we then have 
R R R R 
n R R R 
r= 
n R R R 
n n n R 
The permutation (T is 
CJ = (4 7 6 5). 
The species S of/i is 
The Auslander-Reiten quiver of S is given by 
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The kuslander-Reiten quiver of A is given as 
identify 
t identify 
Remarks. (1) The Auslander-Reiten quiver of A is never simply 
connected, since there are “holes” where the projective modules are inserted, 
provided there is more than one sink and A is of fmite Lattice type. 
(2) The preprojective and the preinjective corn~o~e~ts of 
“glued” together in %(A) to a single component. 
(IV) Blocks of defect one. Let now R be an unramifi 
2P, the p-adic integers and let B be a block of defect one of 
group. B is associated with the Braueriree T, the vertices of which 
correspond to the simple constituents of ICY?? and the edges Whid? 
correspond to the indecomposable projective B-modules [ 61. If has s 
indecomposabie projective lattices, then the species of is a disjoint union 
of s graphs 
The permutation o is now obtained by joining 5. A. reen QP, his walk 
around the Brauertree: Let T be the hereditary order associated to B. Then 
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r = nz= i r,, where n is the number of simple modules in KB, and if r, 
corresponds to the vertex k in T, then r, has nk projective indecomposable 
non-isomorphic modules, provided there are nk edges meeting in k. 
We shall next define in detail the notion of an Auslander-Reiten species 
(quiver) and reformulate the theorem to a version which we shall prove. 
(1.6) The Auslander-Reiten species of an R-order A in A. We first recall 
the definition of the space of irreducible maps: Let M, NE indo( then 
rad Hom,(M, N) consists of those (Y E Hom,(M, N) which are not 
isomorphisms, and rad’Hom,(M, N) consists of those a E Hom,(M, N), 
which can be written as finite sums 
with 
for 
qi E rad(Hom, @L Zi>>, vi E rad(Hom,(Z,, N)) 
Zi E indO( 
The space of irreducible maps from M to N is now defined as 
Irr(M, N) = rad Hom,(M, N)/rad’Hom,(M, N). 
Then Irr(M, N) is a bimodule over 
(End,(M)/rad End,(M), End,(N)/rad End,,(N)). 
For brevity we shall write 
End,(M) = End,(M)/rad End,(M). 
Then End,(M) is a skewfield. 
The Auslander-Reiten species of A is defined as 
%,(A) = {End,(M), M E indO( 
End,(M) s End,,(N), provided Irr(M, N) # O}. 
The underlying Auslander-Reiten quiver ‘S(A) has as vertices ME indO( 
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and we join M and N by an arrow from M to N 
this case the valuation will be 
d M,N = dimEndn(Ni W+K ND3 
4k.hr = dimEnd, @r(M WI. 
(1.1) Connection between the A&under-Reiten quiver @A and Auslan- 
der-Reiten sequences in ~Y.II”. If XE indo is not an injective A- 
lattice-i.e., an injective object in A!JB”- (YE indo not a projective A- 
module) then we have the Auslander-Keiten sequence of X (Y) 191: 
o ~ x (@l>...% @+ 6 El”i) (PI . ...1 w; ye & 
(“1 
i=l 
where Ei C? indO and for i # j, Ei 7i: Ej. 
i = ((Pi,l,b’m, (Pi,njh yi = (Vi,1 )l*lT Wi.nil 
with 
The Auslander-Reiten sequence (*) is now characterized by the fact that 
~~~~~~~~~~~~~~ is an End,(E,)-basis for Irr(X,E,), and ~~~~~~~~~~~~~~ is an 
End,(E&basis for Irr(Ei, Y). In particular, dX,Ei = ai =dLi,y. If ($1 is an 
Auslander-Reiten sequence we shall write 
Y = z(X) and x= z-(Y): 
and we call Y the Amlander-Reiten translate of X and X is the inverse 
Auslander-Reiten translate of Y. 
(1J) lander-Reiten sequences and irreducible maps. Let M. NE ,, 
and cp E ,,(M, N). v, is said to be irreducible if 
(i) q is neither a split monomorphism nor a split e~imor~hism~ 
(ii) whenever there is a factorization 
then either a is a split monomorphism or /3 is a split epimorphism. 
It should be noted that this definition-due to C. M. 
require, as is usual, M, NE indO( 
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(1.8) LEMMA (C. M. Ringel)‘. Given an exact sequence in ,,‘9JI” 
such that X’ E indO is not an injective A-lattice (Y’ C indO is not a 
projective A-module). 
If p,’ and y’ are irreducible maps, then (*) is an Auslander-Reiten 
sequence, and conversely. 
ProoJ (i) Since X’ is not an injective n-lattice and X’ E indO( we 
have the Auslander-Reiten sequence 
Using the universal property of Auslander-Reiten sequences, we get the 
commutative diagram 
Now, a, is not a split monomorphism and 9’ is irreducible. Hence x must be 
a split epimorphism, say, IC: E’ --f E with KX = id,,. Then rcly;l’ = K,Q$ = I$, 
and we have a factorization of the irreducible map I,/. If ICY is a split 
monomorphism, then there exists II: Y-t E’ with KY,? = id,,. But Y is 
indecomposable and so L must be an isomorphism; and Arcv= id,, a 
contradiction, since w is not a split epimorphism. Hence x’ must be a split 
epimorphism; i.e., x’ must be an isomorphism, Y being indecomposable. 
(ii) Conversely, let (**) be an Auslander-Reiten sequence; then IJJ is 
neither a split monomorphism nor a split epimorphism; assume now that we 
have a factorization in A!lJI” : 
I Unpublished. 
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Assume that cx is not a split monomorphism. Then from the universal 
property of Auslander-Reiten sequences we construct the commutative 
diagram 
ut then u/3@ = &I = c$ = 9, and so we get t&e commutative diagram 
O4X’AELY-+O 
Since the Auslander-Reiten sequence is not split exact, z must be 2n 
isomorphism and hence /3 is a split epimorphism. Thus we have shown that v 
is irreducible. Similarly one shows that IJJ is irreducible. 
We remark that the above observations hold equally well in case of 
artinian algebras. 
(1.9) The Auslander-Reifen species 0fS = SC/a, .I-). For purely personal 
reasons I would like to pass from the re~~esenr~~~o~$ f the species S to 
modules otter a genuine algebra. With the notation of (I. 1). we put 
denotes 23 as (%I, ‘3).bimodule. Then rad?? = 0. is the f-tensor 
the species S = S(A, I-), and the category of fnnit generated 5 
modules and S-representations are equivalent. 
We write the left Dmodules as matrices (L), -where V is a left 
U is a left U-module, and there is a homomorphism of left 93modules 
The Auslander-Reiten species ‘Ir,(TJ> of 22 coincides with the Auslan- 
er eiten species of the $-representations (both are defined in analogy to 
1.6 
The simple projective B-modules are the indecomposable B-m 
the simple injective D-modules are the indecomposable 
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Moreover, every simple D-module is either projective or injective. The non- 
simple indecomposable projective (injective) B-modules have Loewy length 
two, since rad% = 0, and we shall use the following 
(1.9) Notation. 
Sj, s + 1 <j < t, are the simple projective a-modules, 
Si, 1 < i < s, are the simple injective B-modules, 
Di, 1 < i < s, are the non-simple projective 
B-modules with top Si, 
Jj, s + 1 <j < t, are the non-simple injective 
B-modules with socle S,i. 
‘is an Auslander-Reiten sequence of ID-modules, we write 
c(Z’) = Z”, c- (Z”) = Z’, 
and say that Z” is the Coxeter translate of Z’ and Z’ is the inverse Coxeter 
translate of Z”. 
Although /i is indecomposable as ring, 3 may very well decompose a 
ring. 
The Auslander-Reiten species 2&(a) of the left %modules decomposes 
into 
(a) the preprojective components; i.e., the connected components of 
%,,(B) containing End,(Z) for an indecomposable projective B-module Z; 
(b) the preinjective components; i.e., the connected components of 
2l,(3) containing End,(Z) for an indecomposable injective B-module Z; 
(c) the regular components; i.e., the components which do not contain 
End,(Z) for an indecomposable injective or a projective a-module Z. 
The regular components are preprojective-and then also preinjective if 
and only if a is of finite representation type; in case D is of infinite represen- 
tation type, the three types of components are different and exist. 
The preprojective components of %,(a) are bounded on the left by the 
endomorphism rings fj of the simple projective B-modules Sj, s + 1 <j < t; 
these are joined to the endomorphism rings fi of the non-simple indecom- 
posable projective 5modules Di, 1 < i < s, in the following way (cf. (1.1)): 
c*> 
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in particular 
Irr(Sj, DJ ‘V ST. 
Ikloreover, we have the following Auslander-Reiten sequences: 
0 --f Sj --) 6 Didji’ --P ~(5’~) t 0, 
i=l 
(1.9,ii) 
where 
dji = dim,i(D,S?) (cf. (l.l)),s $ 1 <j< t. 
The remaining part of the preprojective components of %,(IB) is then 
obtained by applying the Coxeter transformation c iteratively FO the already 
constructed indecomposable B-modules [3]. 
The preinjective components of ?I,(‘%) are bounded on the right by the 
endomorphism rings fi of the simple injective a-modules Sj, 1 <j < s; these 
are joined to the endomorphism rings f,] of the non-simple indecomposable 
injective %moduIes Jj, s + 1 <j & s, in the following way (cf. (1.1)): 
in particular 
Irr(Jj, SJ = ST. 
Moreover, we have the following Auslander-Reiten sequences: 
(1.9, iii) 
where 
The remaining part of the preinjective components of B,(B) is then 
obtained by applying the inverse Coxeter transformation c- iteratively to the 
already constructed indecomposable B-modules [ 31. 
If a= :=I Bk is the decomposition of 3 into indecomposable t- 
algebras, we shall symbolically represent the Auslander-Reiten quiver 
(species) of ak in the following fashion-provided the underlying quiver of 
Bk is notA,,A,: 
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where the level of a (b’) represents the simple projective (injective) a- 
modules and the level of b (a’) represents the non-simple indecomposable 
projective (injective) D-modules. 
For later applications it should be noted (cf. 1.9(*), (* *), (ii), (iii)) that 
the sections (a, b) and (a’, b’) in ?I,(B,) are identifiable. 
(1.10) Associating &nodules with A-lattices. The following was proved 
in [5, (2.9)]. 
THEOREM. The functor IF: nllJZo + mod 33, induced by 
M ~ I’M/(rad A) M 
M/(rad A) M I 
with homomorphism p, induced from the natural inclusion M+ TM, is a 
representation equivalence between ,,!IX’ and the category K of finitely 
generated D-modules (mod 3)) without simple direct summands. 
(1.11) REFORMULATION OF THEOREM (1.4). Let A be a Bdckstriim order 
with species !5 = $(A, P) (cf (1.1)) and o the associated permutation (cf 
(1.2)), 3 is the tensor algebra of S (cf (1.9, i)), and IF is the functor from 
,,llJZ’ to mod 32 and C!I is the image category (1.10). 
(1.11) THEOREM. (i) $(A, I-) and o uniquely determine the Auslan- 
der-Reiten species of A. 
(ii) Let 
E:o-tz’-tz+z”~o 
be an A&under-Reiten sequence in mod %. If Z’ and Z” are not simple 
(i.e., Z’, Z” E C), then there is an Auslander-Reiten sequence 
in ,,W” such that IF(@) = E. 
(iii) F - ‘(Di) = Pi, 1 < i < s, are the indecomposable projective A- 
lattices, F - ‘(c- (S,)), 1 < i < s, are the indecomposable injective A-lattices, 
F-‘(.Ji), s + 1 <j < t, are the indecomposable T-lattices (Notation (1.9)). 
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be the Auslander-Reiten sequence in mod 33 (cf. (1.9, ii)). 
(a> O-F-‘(J(j),> is not an injective A-lattice, then 
O-, F-‘(J,,,)& idji’ 5 F - ’ (c(Sj)) + 0 
is the Auslander-Reiten sequence in A2RQ. The map q is obtained from the 
natural inclusions of the indecomposable direct summands of (sad A) Pi into 
P,, and w is the cokernel of p (cf. (1~4)). 
@> IfWJ(j)J is an injective A-lattice, then F-’ (Ju,o) N jr-ad A) 
and 
(r-ad A) Pj 4 ci 
is the only irreducible map leaving IF ~ ‘(J,,,). This situation occurs $ and 
only zy the quiver of S = S(A, T) contains an A, (cf. (1.5, III)). 
It should be observed, that because of (iv) one can start with the indecom- 
posable summands of the radicals of projective modules and then knit the 
Auslander-Reiten quiver, provided A is of finite iattice type. Note that by 
means of (ii), (iii) and (iv) the Auslander-Reiten quiver of /i is completely 
determined and Theorem (1.4) follows from this. 
(1.12) The functor F induces a map 
-with the property that for an irreducible map a: M+ N ween indecom- 
posable lattices in ,,!JJ?O, the morphism F(a) is either an irr cible map from 
i(M) to F(N) or IF(a) = 0. The latter occurs if and only if N is a projective 
n-lattice if and only if M is a r-lattice. 
ProoJ This follows immediately from the proof of the theorem. 
(1.13) Recovering A from $,a. We final return to the question of 
‘“how uniquely A is determined by 5 and 0.” rice F and an identification 
S/r& r- 93 is fixed, A is the pullback of the diagram 
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Let r be a hereditary R-order in 
A = fi (Ku),“: = fi A,, 
u=l us1 
where K, are finite dimensional skewfields over K. K, with maximal R-order 
,R, and C, the centre of K, with ring of integers R, and sz = IK,: C,/. Then 
where r, is a hereditary R-order in the simple K-algebra A,. 
(1.13.0) Then n is the number of cycles into which o decomposes. 
According to the structure of hereditary orders in simple algebras [2,4], a 
hereditary r,-order in A, is uniquely determined-up to isomorphism-by 
knowing for non-isomorphic indecomposable projective r,-lattices 
Q Qm: U,Y’.T 
(i) the number P(V); this is the cyclelength of the cycle y, of r~ 
corresponding to r, (1.13.0); 
(ii) a cycle determining the radical of Q,, (1.2); this is y, ; 
(iii) JDU = dimEndr,(B,p,~ade,eJ (Q,Jrad Q,,), which counts the multi- 
plicity of Q, in r,. 
This is obtained from the species: Let Q,, = Qj for some s + 1 <j < t. 
Then 
JUG = 2 dim,j($j). 
i=l 
Hence up to automorphism, once A is fixed, r is uniquely determined by 
$ and 0. 
But we can pass from R, to totally ramified extension and still obtain the 
same species. Hence we have 
(1.14) PROPOSITION. S and o uniquely determine the B&ckstrGm order A 
(i) up to totally ramij?ed extensions of the centre of A, 
(ii) up to isomorphism. 
2. PROOF OF THEOREM (1.11) 
It is obviously enough to prove (1.11, ii, iii, iv). 
(2.1) PROPOSITION 1 (1.11, ii). Let 
E:O-+Z’+Z+Z”~O 
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be an A&under-Reiten sequence in mod 33 (cf. (B.9, i)) If Z’ and Z” are 
not simple, then there exists an A&under--Reiten sequence in n 
with 
IF(G) r E (1.10). 
The proof will be done in several steps. 
(2.2) LEMMA 1. Let q~ E Hom,(Z, Z’) with Z, Z’ E CC. ThePz 9 Is 
irreducible in K l$ and only if p is irreducible in mod 3. 
Proof. If v, is irreducible in mod 3, then q is irreducible in E (cf. (1.8)). 
Conversely, if ~1 is irreducible in C, let 
be a factorization in mod 9, where X E C and S is a semi-simple ‘D-module. 
If q factors via X, we are done. So we assume that p does not factor via X. 
Then the composite maps 
a*‘: z SX@S-2,S 
and 
and non-zero; here I and 71 are the inclusion and projection resp. If 
S = Of=, S$“i’ is the decomposition of S into simple modules (1.9), then 
there exists an zO such that the compositions 
are non-zero. Now, SiO is either injective or projective. In the first case, SiO is 
a direct summand of Z’, and in the second case SiO is a direct summand of 
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Z. But Z’, 2 E C; i.e., they do not have simple summands; a 
contradiction. 1 
(2.3) LEMMA 2. Let M, M’ E ,,9JI”. Then every irreducible map 
CJ E Horn&F(M), F(M’)) can be lifted to an irreducible map 
v, E Hom,(M, M’) with F(q) = @. Moreover, if q E Hom,(M, M’) is such 
that F(q) is irreducible, then IJI was irredducible to start with. 
ProoJ Let IF(M)= (L), F(M’) = (L:) (cf. (1.9), (1.10)). Since M is the 
pullback of the diagram 
and since l34 is T-projective, r being hereditary, every map 
p: IF(M) =z lF(M’) can be lifted-though not uniquely-to a A- 
homomorphism p: A4 -+ M’. 
Hence, in order to prove Lemma 1, it is enough to show that every lifting 
p: M-t M’ of @j: F(M) --t 6(W) (IF(q) = @) is irreducible, provided p is 
irreducible. 
So, assume that we have a factorization of d-lattices 
then we get a factorization of D-modules 
So, either IF(a) is a split monomorphism or F(J) is a split epimorphism. But 
it was shown in [5, (1.4), (1.6)] that split monomorphisms and split 
epimorphisms are recovered by F. I 
Finally, we need the technical 
(2.4) LEMMA 3. Let 
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be an exact sequence of B-modules. If Z” does not have a simple injectiwe 
~~rnm~nd~ then 
soc(Z’) @ soc(Z”) ‘v sot(Z), 
where xx--) denotes the socle. 
ProoJ With the obvious identification we have 
soc(z)/soc(z’) c soc(Z”), 
and it suffices to show that we have equality. So, assume that the inequality 
is strict. Then soc(2”) has a simple summand S: which is isom~r~h~ca~iy 
embedded in Z/sot(Z). However, rad’% = and so S must be injective. 
then 27” has a simple injective summand. 
Finally, we prove 
(2.5) b3MMA 4. Ler 
be an exact sequence in 6. Then there exists an exact sequer,ce of A-lattices 
with Cc(@) N E. 
$rooJ Let M’, M, M” be A-lattices with JL(M’) Y Z’, IF(M) N z, 
‘F(M”) ‘v Z” (1.10). Because of Lemma 3, 
Then we can construct the following commutative diagram: 
0 
“, 
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Here the sequences E,, E, and (5, are exact; G1 is even split exact. 
Moreover, o is injective, z is surjective and or = 0. Thus it remains to show 
Ker r c Im 0. Let m E A4 lie in Ker r. Then there exists rn; E TM’ with 
rnAol = m/3, and it suffices to show rn; E Im a. Since G-, p and 7 are 
monomorphisms, Coker EC, Cokerj. Now, 
m&u; Coker Cr= rn; ol,u, Coker p= m/?,,, Coker p= m,$ Coker p= 0. 
Hence m&u; E Im 6; i.e., rn; E Im a; i.e., the sequence 
~:O+M’-%M-sM”+O 
is exact with F(G) = E. 1 
We are now in the position to prove Proposition 1: Let 
E:O+Z’~Z~Z”+0 
be an Auslander-Reiten sequence in mod 3 with Z’ Z” E 6.. 
We first show 
(2.6) Claim 1. Z E (5. 
Proo$ If not then Z = Z, 0 S with S simple. Because of Lemma 3, 
S c soc(Z’) or S c soc(Z”) canonically via U, and I,? resp. In the first case, 
we have an epimorphism Z’ * Z, @ S +z S, a contradiction to Z’ E 0. In 
the second case, we have an epimorphism Z” 3 Z/Z, N S, again a 
contradiction to Z” E 0. I 
Remark. Note that this shows that E is closed under extensions. 
Thanks to Lemma 4, we can find an exact sequence of d-lattices 
&O-tM’~M~M”+O 
with IF(G) N E. An application of Lemma 2 shows that o and IJY are 
irreducible and an application of (1.8) shows that (5 is an Auslander-Reiten 
sequence in il!JJIo. This proves Proposition 1. I 
We now turn to the proof of (1.11, iii). Obviously F-‘(DJ are the 
indecomposable projective d-lattices, 1 < i < s. 
(2.7) LEMMA 5. If Jj, s + 1 <j < t, are the non-simple indecomposable 
injective D-modules (1.9), then F - ‘(Jj) = Qj, s + 1 <j < t, aye the indecom- 
posable r-lattices. 
ProoJ: Because of the representation equivalence (l.lO), it suffices to 
show that F(Q) is an injective D-module, if Q is an indecomposable r-lattice. 
However, F(Q) is a direct summand of (z), which is an injective D-module 
as dual of the projective right D-module (23%). u 
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(2.8) LEMMA 6. Let Si, 1 < i < s, be the simple injective &nodules 
(1.9). 
(i) aft-(SJ E (5, then F-‘(c-(S,)) =: Ii is an ilzjective A-lattice with 
minimal overlattice I; such that I;/Ii ‘Y Si. 
(ii) If c-(Si) 6? E:, h t en c- (SJ = Sj is simple for some s + i <j < 1. 
The underlying quiver of S contains a connected component j-i’ i: and 
is ayI injective A-lattice with Q,,, = (rad I) Pi, Pi the projective cover of St. 
ProoJ (i) Let c-(Si) E 6. We first show that c-(S,), 1 < i < s, are ext- 
injective objects in c5; i.e., Exta(C, c-(S,)) = 0 for every C E %. Assume that 
there is a non-split exact sequence 
E:o-tc-(sj)-tz-tc+o, CE K 
By the universal property of Auslander-Reiten sequences and since E is not 
split exact we can construct the commutative diagram 
E:o+c-(si)-tz-sc+o 
II + + 
where LE, is an Auslander-Reiten sequence in mod ‘I). Now /I # 0, since E, is 
not split exact, and so Si is a direct summand of C, Si being an injective ‘5 
module. This is a contradiction to C E K. Hence c (S,), I < i < s, are ext- 
injective objects in K Since D,/(rad 3) Di = P,/(rad A) Pi N Si, I < i < s (cf. 
(1.9)), the Si, 1 < i < s, are precisely the non-isomorphic simple A-modules. 
Let Pi be an injective A-lattice with minimal overlattice 1;) such that 
P;/I, = Si, 1 < i < s. Since the notion of Backstr6m order is left and right 
symmetric, Ii is a r-lattice and (rad r) 1; c Ii. Thus we obtain the 
commutative diagram with exact rows and columns: 
0 0 
0 0 
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Here E is the Auslander-Reiten sequence and a, /I exist, since E’ is not split 
exact, F(l;) being a direct sum of non-simple injective a-modules 
(Lemma 5). But Ei is a direct sum of non-simple injective D-modules (cf. 
(1.9)), and so by Lemma 5, XE IF(Q) for some P-lattices Q; i.e., X is injec- 
tive-unless X= 0. But E(Ii) is indecomposable and a # 0, since E is not 
split exact. Consequently, X = 0 and C is injective, since 33 is hereditary. So 
p is a split monomorphism and C can have no simple summand; i.e., C E E. 
But then the exact sequence 
0 + F(li) + c- (Si) + C + 0 
is split exact, since lF(li) is injective in K (cf. below). Now c-(St) is 
indecomposable and thus C = 0, i.e., iF(I,) E c (Si). Hence it remains to 
prove 
(2.9) Claim 2. Let I be an indecomposable injective /i-lattice. Then 
F(I) is ext-injective in tE. 
ProoJ Let 
be an exact sequence in mod 3) with C E K. Then by the proof of Claim 1, 
Z E K and we can apply Lemma 4: There exists an exact sequence of /i- 
lattices 
with E(E) N E. Now, since I is an injective A-lattice (3 is split exact, but 
then E is split exact. 
(ii) Assume now that c-(Si) @ K; i.e., c-(Si) is a simple projective a- 
module, say, c (Si) = Sj for some s + 1 <j < t. Then the quiver of 
s = S(ll, r) must contain an A z : I t ; and in mod a we have the Auslan- 
der-Reiten sequence 
O+S,j+Di+Si+O. c*> 
Since Di has a simple socle, Pi the projective /i-lattice with top Si is 
irreducible, and since 
Di N F(P,) = 
TPJ(rad P) Pi 
P,/(rad P) Pi ’ 
(rad3)Di= 
TP,/(rad Z-) P, 
I 
o . 
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Thus 
s, = TP,/(rad I-) Pi 1 
.I i 0 . 1 
Hence TP, N Q,j; but then (rad A) Pi = (rad r) Pi z (rad S) 
It remains to show that Qjj(,) is an injective d-lattice. Otherwise, we have 
an Auslandes-Reiten sequence in ,,!JJI’ : 
Since Y is not projective, F(Y) E Cs. is not a projective Dmoduie. Hence by 
Proposition 1, E is obtained by lifting the A~s~ander-~eite~ sequence of 
IF(Y) in mod PIJo. That shows that in mod T? there is an irreducible map 
But the only irreducible map in mod a ?eaving Di goes to Si. Hence 
F(Y) = Si, a contradiction, and Qcijn is an injective A-lattice. 
This completes the proof of (1.11, iii). 
So we are left with the proof of 
provided 
ProoJ Recall that S;., s + 1 <j < t, are the non-isomorphic simple T- 
modules (I. I). So let Qj be the indecomposable ~-lattice with F( 
s + 1 <j < I. Then, according to the definition of the ~~rrnutat~o~ CT (1~2) 
where lj)o is identified with (rad T) Qj~ 
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Let now Q,,,, be a direct summand of (rad /i) Pi via I: Qoj, + (rad /i) Pi. 
Then Q,,,, N (rad r) Qj is a direct summand of (rad P) TP, via 
z: QUjO + (rad r) ITPi. 
Hence Qj is a direct summand of TPi via z. In other words Qj is a direct 
summand of TPi for some 1 < i < s, as soon as Q,,, is a direct summand of 
(rad A) Pi, counting multiplicities. 
Conversely, let Qj be a direct summand of TP,, then Q,,, = rad Qj is a 
direct summand of 
(rad r) TP, = (rad A) Pi. 
We now start with the Auslander-Reiten sequence in mod a 
i=l 
Then we have an irreducible map 
ait,: Sj + Di 
if and only if Sj is a direct summand-via CZ~.~- of rad Di, if and only if ej 
is a direct summand of TPi. In fact, if we recall the construction of IF (1. lo), 
then 
lF(P,) = rPJ@ad 0 Pi 
P,/(rad r) Pi I 
N D, 
I’ 
and 
(rad%)Di= 
TPJ(rad r) Pi 
I 
o . 
By the above observation this is the case if and only if Qti),, is a direct 
summand of Pi, counting multiplicities. Hence we have irreducible maps 
Q,,, - (GLu) 6 pjdji). 
i=l 
Case 1. c(Sj) & (5.. Then c(Sj) is simple, say, c(Sj) N Si for some 
1 < i < s. But then c-(SJ N Sj & E:, and we can apply Lemma 6(ii) to get 
the desired result. 
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Case 2. c(Sj) E C. We apply Lemma 2 to conclude that the maps pi,,. lift 
to irreducible maps 
(2.11) Claim 3. r(Q,,,) N F ~ ’ (c(Sj)). 
Proof. We first note that Q,,, is not an injective A-lattice, since 
c(Sj) E C. In fact, this follows from Lemma 6, since there are exactly s non- 
isomorphic indecomposable injective A-lattices, and since 6 is a represen- 
tation equivalence. Let M = r(Qti,,,) then M is not a projective A-lattice, and 
we consider the Auslander-Reiten sequence of F(M) in mod 
If Z’ E C:, then it follows from Proposition 1 that F(QU,,) z Z’. But it was 
shown in (2.7) that F(QUIC) is an injective ‘D-module. Thus Z’ must be a 
simple projective D-module, say, Z’ = S,i, for some s + 1 <j,, < ?. Conse- 
quentiy, 
~(QU,d = F - (c(sg). 
ut we have the irreducible maps 
and 
6 pjd$ (Ofs,,) 
- IF - ‘(c(q)). 
ence j, = j and the claim is proven. But then it follows--say, from counting 
ranks-that 
is the Auslander-Reiten sequence. 
This completes the proof of Proposition 2 and also of the theorem. 
ACKNOWLEDGMENT 
The crucial idea for the description of the Auslander-Reiten species of a BSickstrBm order 
(1.4) arose in a discussion with C. M. Ringel. So actually this should have been a joint paper. 
481/85/2-l? 
476 K.W.ROGGENKAMP 
but C. M. Ringel insisted that I should write the paper since 1 worked out the proofs. I would 
also like to thank him for reading a first draft and making valuable suggestions, which are 
incorporated in the present version. 
REFERENCES 
1. M. AUSLANDER AND I. REITEN, Representation theory of artin algebras, IV, V, VI, Comm. 
Algebra 5 (1977), 443-518; 5 (1977), 519-554; 6 (1978), 257-300. 
2. A. BRUMER, Structure of hereditary orders, Bull. Amer. Math. Sot. 69 (1963), 721-729. 
3. V. DLAB AND C. M. RINGEL, Indecomposable representations of graphs and algebras, 
Mm. Amer. Muth. Sot. 173 (1976). 
4. M. HARADA, Structure of hereditary orders over local rings, Osaka J. Math. 14 (1963) 
l-22. 
5. C. M. RINGEL AND K. W. ROGGENKAMP, Diagrammatic methods in the representation 
theory of orders, J. Algebra 60( 1)( 1979) 1 l-42. 
6. K. W. ROGGENKAMP, Representation theory of blocks of defect 1, Proc. ICRA II, Springer 
Lecture Notes in Math. 832 (1980), 521-544. 
7. K. W. ROGGENKAMP, The lattice type of orders: A diagrammatic approach, I, Springer 
Lecture Notes in Math. 825 (1980), 1044129. 
8. K. W. ROGGENKAMP, The lattice type of orders, II: Auslander-Reiten quivers, Springer 
Lecture Notes in Math. 882 (1981), 430477. 
9. K. W. ROGGENKAMP AND J. SCHMIDT, Almost split sequences for integral group rings and 
orders, Corn. Algebra 4 (10) (1976), 893-917. 
